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Local Weak Convergence of Graphs
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Local Weak Convergence of Graphs
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An Important Example: The Erdös-Rényi Random Graph
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An Important Example: The Erdös-Rényi Random Graph
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Part I

LOCAL WEAK LIMIT OF 
DYNAMICAL GRAPHS

•  Dynamical Balls 

•  Local Convergence



Some Definitions
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Def: DYNAMICAL ROOTED GRAPH

stack ofvertiæs
A on a vertex set V is a process of

noted graphs (G. a)+⇒ such that :
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Some Definitions
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Some Definitions
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Def: DYNAMICAL BALLThe centered at o
,

with radius d in (Gt )
t≥ ,

is the following dynamical noted graph :

d d d

( B+ (G) , o ) = (( vi. (G) , Et (G) ) , o )
t ≥0 t ≥O

where for all time t ≥ 0 :

d

vi. (G) = { ne ¥ :
À
at
(Qu ) ≤ d }

and

d d

Et (G) = { unto : v.v c- vi. (G) } .



Some Definitions
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Local Weak Convergence
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Def:

Proposition:

CONVERGES LOCALLY

We
sag
that a sequence { là. . a) ↳ ◦ ,

n ≥ a } of dynamical noted graphs
to a dynamical noted graph ( Gio)⇔ ' if

d d

Hd ≥ O
,

I Nd ≥ 1 , tt n ≥ Nd : (Bt (Ê ) , on) = (Bt ( ) , o )
, ≥◦

.

t ≥0 isomorphisme

It exists a distance de
..

which metrizes this notion of local convergence and

St
. (DG . . de

..

) is a complet metric space .



Local Weak Convergence
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Def:

CONVERGES LOCALLY WEAKLY

with n vertiæs
1

We
sag
that a sequence { tôt! > ◦ , n ≥ a } of finit-Il dynamical graphs

to a random dynamical noted graph ( GÎ . a)⇔ '

if for all founded and continuous function tn : DG . > R :

E 1- E h ( là. . a)
↳ ◦ ) - E h ( ( GÎ .À

≥ .

)
Vn ve Vn n→ +•

.

Equivalenty , Law
( Êt '%)

t > o n→+5
( Ê 'À

≥ o
I

where on is a uniforme vertex of K .



Part II

DYNAMICAL ERDÖS-RÉNYI 
RANDOM GRAPH 

& 
MAIN RESULTS

•  The Model & The Limit 

•  Main Results



The Model
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Dynamical Percolation

Consider the complet graph Kn = (Vn
,
En )

,

where

K -_ { 1,2 . . . .in } and En = { une :u≠v } .

¥25

Dynamic : ltâggstrôm - Pres & Stif ,
1997



The Model
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Dynamical PercolationDynamic : ltâggstrôm - Pres & Stif ,
1997
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The Model
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updating parameter

connection parameter

Dynamical PercolationDynamic : ltâggstrôm - Pres & Stif ,
1997
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The Model
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at rate po Kn
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The Model
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3 important Remarks:

•

•

•

ER(n,κ/n)

It is a Markov process .

It is a stationary dynamic :
at each time t≥ 0

,

the law of the graph f
"'

'
"
'
"

+

is the law of .

I two edges flip simultanéously = 0 .



How does look like the Dynamical Ball ?
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Fix a root o c- V
,

and a distance d ≥ 1
.

n

•

@) @)

④
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④ ④
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How does look like the Dynamical Ball ?
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ER(κ,κ/n)

Fix a root o c- Vn , and a distance d ≥ 1
.

÷:ï÷:÷At time to
,

the dynamical ball
is exactly the ball in an .

. .

④

④ ④

④ ④

④ ④

④ ④

④ ④

④ ④

④ ④
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How does look like the Dynamical Ball ?
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ER(κ,κ/n)

PGW(κ)

PGW(κ) tree~~Fix a root o c- Vn , and a distance d ≥ 1
.

④

④

④

⊕"
④

④

④
@,At time to

,

the dynamical ball .

@,

gg,

OH OH

gg,

⊕"

is exactly the ball in an .

.

④ ④ ④

④ ④

④ ④
④

④

m>
When nisl-rgeenugh.w.h.pe .

this is the ball of radius d

of a tree
.

with high probability

Then
"

three
"

transitions
may ◦cour .



How does look like the Dynamical Ball ?
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1. An edge inside the ball
appears .

.

④

④

⊕"
④This happensat rate .

④
④

( J)
④

④

B. I. # {vertiæs at to}
≥

> 0 .
•

☒

• •

.

n n > +x

④

④ ④ ④

④ ④

tu>

"

This neuer ◦cours in the limit
.

"
• •

•
•



How does look like the Dynamical Ball ?
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1.

2.

An edge inside the ball
appears .

tu>

"

This neuer ◦cours in the limit
.

"

This happensat rate

B. I. # {vertiæs at to}
≥

- O .

n n > +x

An edge inside the ball disappear .④

④

④

•

•
• This happées at rate④

④

B. (1- ¥) - p .

☒
☒

④ ④
- ☒ n > t

④

• • • ne>

"

this does not break the
④ ④

• .
•

.
tree/ forest structure .

"



How does look like the Dynamical Ball ?
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unseen vertices

observed ball

3.

④ ④
@)

@)

.

@)

@)An edge between the observed ball and the .

④

④

④

remaining
unsænvertiæs

appears . •

④

④
④

④
④This trappers at rate •
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p . K - p .I . # {vertiæs at to} .

✗ @,

④
④

④
④
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☒

> ?⃝ . H
.
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@,

④ ④

@,

n > ta

④

④
④ ④

④
④

④ ④
④
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How does look like the Dynamical Ball ?
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unseen vertices

observed ball

3.

④ ④

@)

@)

•

.

@)

@)An edge between the observed ball and the .

④

④

remaining
unseenvertiæs

appears . .

•

④

④

④
④

④

This trappers at rate •
. .

④

④

p . K - p .I . # {vertiæs at to} •

.
.h ④

④
@,

④

( °)
> 13 . H

. ☒ ☒
⊕

④
@, ④

n > ta

④

④
④ ④

④
④

④ ④
④

④

What is the component added ?



How does look like the Dynamical Ball ?
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Question:

a ball of a PGW(κ) TREE is attached3.

ER

•

•

An edge between the observeat ball and the

remaining
unseenvertices

appears .

④

④

④

④ ④This happées at rate .

④
④

④
④ ④

④

p . K - p .I . # {vertiæs at to} .

N ④
④

@,

( °)
> 13 . H

.

☒
⊕

N > f6
④ ⊕

@,

④

@,

④
④

④
@,

What is the component added ?

the évolutions of the ball and the graph formed by the other vertus are independent
the graph formed by the vertes ontside the ball is an Independence of the évolution of the edges )

( stationrarity property )



In Summary
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Seg
ment

atio
n

Growing Operation

:
G.

an edge disappear

÷
•

:
'
.

•

:
•

G- G.

0 G. G.

•

.

↑
.

•

Go Go

:
•

•

\
. I
Go

((∅
a new

"

treeËÏ is attached

0



Segmented Trees
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Def: (ordered) SEGMENTED TREE

Notations:

An is a triplet (V. Ê ,
E)

,
where

m> ( V
,

É ) is an ordered Tree
;
and

m> E is a subset of Ê .
G. 311 G. 312

G. 11 G. 31 G. 32
An ordered segmented tree .

↳
G. 2 a. 3

0Fr.
ETE

Segmented edges are dashed
.

a. g.
E

a.

∅

|

S = { segmentedtræ }
s ! { segmented Tree with height ≤ d } .



The Growth-and-Segmentation PGW Tree
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Def:

Theorem:

GROWTH-and-SEGMENTATION PGW
TREE GSPGW(κ,β)

PGW(κ)

PGW(κ)

A
process

(Ft
""

It
≥.

on S is a

( ) with parameters K
, P ≥ 0 , if

my
at time O

, F0
""

is a Tree
;

un>
a present edge in F

"'

is segmented at rate po ;
and

t

un> for each vertex uEF
""

t ,
a tree is attached to u at rate pok .

(Ft
"

%
≥.

is a Markov
process

on S with càdlàg paths with

probability one
.



Main Results
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Theorem D. , Jacob - 2022+ 

n ⟶ + ∞

loc
DER(κ,β) GSPGW(κ,β)



Main Results
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Theorem

Theorem D. , Jacob - 2022+ 

D. , Jacob - 2022+ 

Coupling  
Method

n ⟶ + ∞

loc
DER(κ,β) GSPGW(κ,β)

GSPGW(κ,β)

>

limes→ +x

n→+x

>
distances→ +x

n→+x

Assume that (u ( 1 + ptn))
""

= o (n ) as n→ +x
,
then we can couple

( f
" '
"

'? oh
. ≥.

with so that :
t

☒ | V-sr.tn : (B! (f
" '
"

'" ) , o ) = ¥
"

| =
1- ou



Part III

EXTENSIONS
•  Joint LWC Convergence 

•  Dynamical Inhomogeneous Random Graphs 

•  Vertex Updating



Some Extensions: Joint LWC
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• DER

GSPGW(κ,β)

We also proved jontl-allim.it for the model :

Law k

(f?
'
"

'? ◦a)
⇔ ,

- - -

,
(f?

'
"

'? Galt≥◦ > (E)
t≥◦ i

' - '

i
(Ft It

≥◦
.

n→ +x

k independent copies
of the



Some Extensions: Dynamical Inhomogeneous Random Graph
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•

•

DER

DYNAMICAL INHOMOGENEOUS RANDOM GRAPH

•

•

We also proved
' oint local limit for the model .

-

We also proved locallimit for a more general model :

m> at time O : Inhomogèneous random graph Soderberg .
2003

Bollobas - Janson & Riordan
,
2007

Each vertex u has a type xu ES Polish metric
space

endowed with a Borel measure

Probability :

paie
= 1n-klxu.ro) ^ 1

where K :5×5→ [0
,
+• [ is a suitable function



Some Extensions: Dynamical Inhomogeneous Random Graph
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•

•

DER

DYNAMICAL INHOMOGENEOUS RANDOM GRAPH

We also proved jointl-allim.it for the model .

We also proved locallimit for a more general model :

m> edges {u.ro} is refreshed independentby from each other at rate

Plzen , xo) , where p :5×5→ [0
,
+• [ is a suitable function

and is declared
open
with probability pu.ro independentby from the post and

the other edges .



Some Extensions: Dynamical Inhomogeneous Random Graph
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•

•

DER

DYNAMICAL INHOMOGENEOUS RANDOM GRAPH

G MS PGW

We also proved jointl-allim.it for the model .

We also proved lœallimit for a more general model :

Law
(n) , K ,B

(f?
'
"

'? ◦a)
t≥◦ ,

- - •

,
(ft . %)tu

n→ +•

> (Ft
"

It
≥◦ '

' ' '

i
(Ft%

≥◦
.

le independent copies of the
rowth - and - egmentationultity.pe Tree



Some Extensions: Vertex Updating
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•

•

•

DER

DIRG

We also proved jointlœalimt for the model .

We also proved loca-lh.mil for a more general model :
.

We also proved loc-llimitforaoertexupdatingmo.de .

Go

Go Té
U

Go Go
U

Go Go Go

• •

•

.

.

a. a. at rate Bleu )
Ho

ma

Ho

Ho

Ho



Some Extensions: Vertex Updating
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•

•

•

Grow
ing

 op
era

tio
n

Segmentation 

& 

G
rowing operation

DER

DIRG

(Multitype) PGW

t local limitWe also proved join for the model .

We also proved local limit- for a more general model :
-

Go Go

We also proved Élirait for a vertex updating model
.

Go Go

Go Go
Go Go

Go Go

Go
Go Go

↑
•

ËË
. . .

↓
•

. .ïï \
G.

a. ∅
a. ,

forget all connections a.

,&
add a Poisson number of Tree



The End !

THANK YOU !
Do you have any question ?



Bonus

RELATED QUESTIONS ?
• Conclusion



Other Questions ?
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•

•

•

LCW

Find another limit for another model of dynamical graphs
un> Configuration model Avena - füldaç - van der Hofstad & den Hollander ,

2018

Workin
progress

the theory of for dynamical graphsDevelopynimodularity.fmun> Characterization ,

Y-ympt-tipprt.es on these dynamical graphs
un> Phase transition for the weak giant Component Roberts & Pengül , 2018

Workin
progress

un> Characterization of the métastable density of the contact
process Jacob _ Linker & lôrters

,
2019 & 2022

Vork done Linker & Remenik
,
2020

da Silva - Oliveira & Valesin
,
2021



Bonus

OF PROOF
• Convergence in law



      of Proof (Convergence in Law)
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Theorem

Theorem D. , Jacob - 2022+ 

D. , Jacob - 2022+ 

Coupling  
Method

n ⟶ + ∞

loc
DER(κ,β) GSPGW(κ,β)

GSPGW(κ,β)

>

limes→ +x

n→+x

>
distances→ +x

n→+x

Assume that (u ( 1 + ptn))
""

= o (n ) as n→ +x
,
then we can couple

( f
" '
"

'? oh
. ≥.

with so that :
t

☒ | V-sr.tn : (B! (f
" '
"

'" ) , o ) = ¥
"

| =
1- ou



      of Proof (Convergence in Law)
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•

•

DER

ER

dn
m>

The dynamical ball of is a Markov
process

on s

(at least) until a random time Tn→ +- a.s
.

the évolutions of the ball and the graph formed by the other vertiæs
are independent

(independence of the évolution of the edges )

the graph formed by the vertus outside the ball is an
( stationrarity property )



      of Proof (Convergence in Law)
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•

•

•

DER

DER

GSPGW(κ,β)

ER PGW

dn
m>

The dynamical ball of is a Markov
process

ons

m>
The transition rates of the ball of are close to those of the
ball of

"

splilting opération
"

:

compare Pf
- In ) & P

"

glowing opération
"

: compare &

"

lead opération
"

: compare E- & 0



      of Proof (Convergence in Law)
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Lemma:

DER

DER

GSPGW(κ,β)

dn
m>

The dynamical ball of is a Markov
process

ons

m>
The transition rates of the ball of are closed to those of the
ball of

m> If two Markov processes on a countable state
space

have

"

close
"

transition rates
,

then we can couple them st. they coincide

until a random time which dominantes anexponentialvar.IE .



Bonus

APPLICATION TO THE 
CONTACT PROCESS

• Definition 

• Metastable Density



Contact Process: Definition

24

Rec
ove

ry

Infection

at rate 1

at rate 2λ

:

"
para

mater of infection 1>0

i.



Contact Process: Interesting Questions
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Rec
ove

ry

Infection

Questions:

(1)

(2)

••.\:,
↳ " '" " 9Th with noerti.es .

Bégin with all œrtiæs infected and set

T
à

:-. inf { t ≥ 0 : 9Î = ∅ } .

Then
T:p :! e.+

< +• 1
.

Speed of extension ?
Go

•

•.ËËÏ
Bernauer of ↑ ?

tn
set of infected œrtiæs at time tn-



Metastable Density of the Contact Process
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Definition: METASTABLE DENSITY

Define
+

to be the expected density of infected œrtiæs at timet.INT/:=1§
"

n

We
sag
that the contact process

has a p (I )

if whenever tn is gang
to infinity shower than eæponentially , we have

liminf Inltnl = limsup Inltnl = e .

n > tro n > tro
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Proposition: D. , Jacob - 2022+ 

Definition: METASTABLE DENSITY

DIRG(κ,β)

Define
+

to be the expected density of infected œrtiæs at timet.INT/:=19ᵗʰ
n

We
sag
that the contact process

has a p (I )

if whenever tn is gang
to infinity shower than eæponentially , we have

liminf Inltnl = limsup Inltnl = e .

n > tro n > to

Consider a contact process
on a with some assomptions on the kernels k and p .

Then
q

exists
.


