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Bayesian inference: context

e Computing averages w.r.t. the posterior distribution

TI'(Q‘X) X Pp]‘io]

o Data x = (X;)i=1,... Nyara

Naata

H Pelem X |9

c XNdata, iid w.r.t. Pelem(xi|9)

@ 0 € © C RY the vector of parameters to estimate
@ Pprior(+) is the prior distribution of the vector of parameters

e Example: Mixture of Gaussians likelihood
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Overdamped Langevin dynamics
Overdamped Langevin dynamics

df, = F(0;) dt + V2 dW,, F() = Vg log(m(|x))

@ 7 is invariant by the OL dynamics (+ ergodic):

/gb )dn(0]x) = I|mf-/q5

o Discretization: ™1 =™ + At,:(@m) INGYNTel
Z #(0™), the total error

Using the estimator gbAt N;

iter 1ter

Pattiser = En(®) = (Ensi(6) = Ex(9)) + (Patiee, — Enai(6))

bias

error coming from variance

Timestep bias O(At)

Ndata

Challenge: F(0™) = Vg log Pprior(0™) + > Vo log Pejem(Xi|0™),
i=1

— costs O(Ngata) per step, Ngaga > 1.
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Minibatching: SGLD
e Minibatching!: stochastic estimator (SGLD)
= Ndata
Fa(6) = Vg l0g Pyrion(0) + — Z/: Vo log Perem(xi]0),
1€ly

= Vo(log m(0]x)) + 2 () k()% Zx Ngra

I, a random subset of size n generated by sampling from {1, ..., Njata}
Zy.Ngasa,n @ centered random variable with variance Iy

Y4(0) = covz (Vg log Pelem(x2]0))

Noise magnitude

Ndata(Ndata - 1)

)

for sampling with replacement,

n
e(n) =
N Niata — n
M, for sampling without replacement.
n
Goal: considering the case of extreme mini-batch size (of order 1) )

M. Welling and Y. W. Teh, ICML 2011.
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Minibatching: SGLD

Marginal over 6,

Marginal over 6;

3

1 2 T 3
Joint 6, Marginal over 6;

o 1 2
Joint 8,

S
Joint ;.
n=1

wargna over o, Marginat over o,
n=5 n =30
Zx,Ngaya,n 15 Not Gaussian for small values of n

— Stochastic Gradient Langevin Dynamics (SGLD) 2

0™ = 0™ + AtF,(0™) + V2AL G™

e Bias on the invariant probability measure® O((1 + £(n))At)
e Control variable* or preferential sampling: reduce the covariance ¥,

e modified SGLD® renormalize the magnitude of the injected noise using >(6)

M. Welling and Y. W. Teh, ICML 2011
S. J. Vollmer, K. C. Zygalakis, Y. W. Teh, JMLR 2016

g WwN

N. Brosse, A. Durmus, and E. Moulines, NeurlPS 2018
S. J. Vollmer, K. C. Zygalakis, and Y. W. Teh, JMLR 2016
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Langevin dynamics
Better way to sample from m(6|x):

Langevin dynamics (I' € R¥*9 a positive definite symmetric matrix)

df; = Pt dt,
dp: = Vg log(m(0¢|x) dt — T'p; dt + Vari2 qw,

e Generator Lian = Lham + LD r-

exp(—|p?/2)
(27r)d/2

e Bias when minibatching O(£(n)At) > timestep bias O(At?) (numerical

scheme by splitting)

e Invariant probability measure p(df dp|x) = 7(0]x) df dp

Effective dynamics associated with numerical scheme
dét = ﬁt dta

. 1/2
dp = Vj(log m(f:|x) dt — T p, dt + (2r + Ate(n)Ex( t)) dW,
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Numerical illustration
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Using a discretization of Langevin dynamics

L' error on the #; marginal of the posterior distribution when the

elementary likelihoods are mixtures of Gaussians, when sampling with (o)

and without replacement (OJ).
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Adaptive Langevin dynamics

o Effective fluctuation in Langevin dynamics Aa.(6) =T + %Zx(ﬁ).

Fundamental assumption: constant covariance (H)

Y.(0) = Xy, constant

e The Adaptive Langevin dynamics automatically corrects for the extra noise
do, = Pt dta

dpe = (V(log w(0¢]x)) — &epe) dt + V2An:(0:)/2d W,

1 ..
d&eliy = 0 (Piepje — 6ij)dt,  1<i,j<d,

6,7.

e Invariant probability measure 7(6|x) Np(0,1q) Ve (Aae, n14).

— diagonal case (assuming ¥, is diagonal): d[&:]; % (p? — 1) dt, 1<i<d
— scalar case(assuming that X, = oly): d&; = % (p"p—d)dt

A, Jones and B. Leimkuhler, The Journal of Chemical Physics, 2011

7Ding & al., Advances in Neural Information Processing Systems 27, 2014
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Adaptive Langevin dynamics

e Numerical scheme by Strang splitting, with Ax; = I, + %Zx(ﬁ)

pm+% — oDt /2pm {7(£m)—1 (Id _ oAt )} G™,

At T
gmth = ¢my 2 (pmﬂ (pm+%) - Id) ,
9m+% —gm + %per%’ (1)
i gt ok (1)

e When ¥, is constant, bias of order O(=(n)3/2At?).
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Adaptive Langevin dynamics

If the Fundamental assumption (H) is not satisfied ...
e When X, is not constant, bias of order
g At i Zx -M T
(n)At min || 2y
where .#, depends on representation of .

— full matrix: M* = [ X(0)7(6|x) d6

— diagonal matrix: M* with entries [ [Zx(0)]; ; 7(0]x) d¢

— scalar: M* =2 [ Tr (Z,(0)) w(0]x) d6.
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Covariance of the force not constant

o,

Tx,1,1(0)

o,

Tx,2,2(0)

— Assumption (H) does not hold: bias O(e(n)At) as for Langevin dynamics, but
smaller prefactor, proportional to

’zx - /e 5 (0)7(0x) d

2

L2()
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Numerical illustration
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L error on the posterior distribution, when sampling from the posterior
distribution for the mixture of Gaussians case using AdL (sampling without
replacement).

AdL leads to smaller bias than SGLD but bias remains significant for
smaller n (for which the target computational gains are obtained).
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Extended Adaptive Langevin Dynamics

e Assumption: there exists fg, ..., fx a finite basis of functions such that
K
Ane(0) =D Acfi(0).
k=0
The Extended Adaptive Langevin®:
dat = Pt dta
K
dpe = Vo(log m(0e|x)) dt — > &k efi(0)pe dt + V2Anc(6:)'/? W,

k=0

fi(6:)

dlék,clij = —— (pi,ePj,e — 0ij) 1<ij<d, 0<k<K

e Invariant probability measure:

K d
mic(d8 dp do .. dén) o 7(01x)d0u(dp) TT TT exp (=% (s — Aci)?) dieis

k=01ij=1

8]. Sekkat, G. Stoltz, arXiv preprint 2105.10347
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Extended Adaptive Langevin Dynamics

. ) ) =K
e Bias on the invariant measure ¢(n)At HZX -, b where
L2(m)

T

=K .
HZX -X, = inf
Lz(ﬂ') Mo,...,MKE]Rd

)

L2(m)

K
T — Y Mifi
k=0

— L?(7) projection of ¥, onto the vector space of symmetric matrices generated
by the basis

Choice of basis functions:

e Spatial decomposition: piecewise constant approximation (geometric
decompositions or Voronoi tessellation)

e Polynomial approximation: couple the decomposition with spectral
approximation (polynomial basis for example)
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Numerical example

Basis functions: partition domain into 4 rectangles D;

f;(#) = 1p, polynomial(6)
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Left: L! error on the posterior distribution when sampling using eAdL for
various values of K and At when n=1 (K =1 corresponds to AdL), Right:

1Zx — Skl 2(x)
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Summary
e Main messages

@ Bias on posterior for Langevin like dynamics

N2
~ %At‘lzx - ,PKHLZ(‘IT)7

where Py depends on the dynamics:

e Pk = 0 for the Langevin dynamics

o Pk = [o Xx(0)7(0]x) db for AdL dynamics (full matricial case)

@ Scalar AdL sufficient when X, almost isotropic (ex. MNIST logistic
regression).

e Perspectives
o Need to better understand the structure of ¥,°

@ Bayesian neural network.

9P. Chaudhari & S. Soatto, Stochastic gradient descent performs variational inference, con-
verges to limit cycles for deep networks, ICLR 2018
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