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1. Introduction

Let X = {X(t)}scr> be a RF. At to = (13,13) € R? for t = (t1,t2) € RY,

> ordinary increment of X is defined as
X(to+1) — X(to),

> rectangular increment of X is defined as

X(19 + t1, 89 + ta) — X (8] + t1,49) — X (19,15 + t2) + X (11, 9)
1 2
= APAR X (t0),

where AV X (t0) = X (to + tei) — X (to), i = 1,2, with eq = (1,0),
ex = (0,1) and ¢t € Ry
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We study the scaling limit of increments of X at ¢ for v > 0 as A | 0:
{T" }t€R2+7 (1)
(RO} @

_ ~ f
{xL (X + M, 85+ V1) = X, 8)} s E

—1 A1 2) fad
{C%“rA(At)lA(”fm (to)}te]R2

where
> 4 denotes the weak convergence of finite-dimensional distributions,
> cxy,Chy > 0 are normalizing constants,
» T, Ry are non-trivial RFs.

We call T, R, respectively the y-tangent RF, y-rectangent RF of X at ¢o.

» Definition and some properties of T12.

» Local asymptotic self-similarity of X3* = Existence of T} .

2Fa|coner, K.J. (2002). Tangent fields and the local structure of random fields. J. Theoret. Probab. 15,
731-750.

Benassi A., Roux D., Jaffard S. (1997). Elliptic gaussian random processes. Rev. Mat. lberoam. 13, 19-90.
4Benassi, A., Cohen, S., Istas, J. (2004). On roughness indices for fractional fields. Bernoulli 10, 357-373.
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> s there a scaling transition®:%:7:8:9:10:117

For some classes of long-range/negatively dependent RFs X,
for all v > 0, as A — oo,

{Ci,f, / X(s)ds}
[0,At1] X [0,A7 t2] ter?

where the limits undergo a transition at some v > 0, i.e.

fdd
= {9, (t)}tE]Riv

S+a Y > 70, fdd
Sy =4¢S0, 7=, and Si # cS_ forall ¢>0.
S,, v < 7o,

» Applications to infill statistics for RFs.

5Puplinskaité, D., Surgailis, D. (2015). Stochastic Process. Appl. 125, 2256-2271.
6 (2016). Bernoulli 22, 2401-2441.
7Pi|ipauskaité, V., Surgailis, D. (2016). J. Appl. Probab. 53, 857-879.
8 (2017). Stochastic Process. Appl. 127, 2751-2779.
(2021). In: M.E. Vares et al. (Eds.) In and Out of Equilibrium 3: Celebrating Vladas Sidoravicius.
Progress in Probability, pp. 683-710. Birkhauser.
1OSurgaiIis, D. (2020). Stochastic Process. Appl. 130, 7518-7546.
11Biermé, H., Durieu, O., Wang, Y. (2017). Ann. Appl. Probab. 27, 1190-1234.




2. Lévy driven fractional RFs. Examples

Consider
X(t):/ g(t,u)M(du), teR?
R2

where

> g:R? x R? - R is a measurable deterministic function,
> {M(B)}gep,®2) is an infinitely divisible random measure, i.e.

> if {B;}; is a sequence of disjoint sets in B,(R?), then {M(
a sequence of independent random variables, and,
moreover, if U; B; € By(R?), then M(U;B;) =Y., M(B

> M(B) has infinitely divisible distribution, B € Bb(]RZ).
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Let 0 < o < 2. Assume
(M), for every B € By(IR?), the characteristic function of M (B) is

EeM(B) — exp { Leb(B) (— %02924—/(616'” —1—197'a(y))l/(dy)) }, 6 €R,
where :
Ta(y) =0ifa <1, Ta(y) =y1l(Jy| < 1) ifa=1, To(y) =y ifa>1,
and 62 >0, vis a Lévy measure on R such that

(i) if @ < 2, then

oc=0, limy®v((y,00)) = ¢4, limy®v((—o0, —y)) = c—
yl0 yl0

for some cx >0, ¢t +c— >0 and sup,.,y*v({u € R: Ju| > y}) < oo,
moreover, if « = 1, then v is symmetric,

(i) if =2, then 0 >0, [ y*v(dy) < oo.
Then for all v >0, as A | 0,
ATEOEDAL([0, 7] x [0,X7]) % Wa([0, 1] x [0, 1])

where W, is a-stable random measure with control measure o§ Leb and
skewness intensity 8o € [—1,1].

6
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Let 0 < a < 2 be the same. Assume

(G)a g(t,-) € L*(R?), moreover,

g(t,u)= g(t1 — u1,t2 — u2) — ga(t1 — w1, —u2)
= g1(—u1,t2 — u2) + gr2(—u1, —us2),

where ¢, g1, g2, g12 : R?2 — R are measurable functions.

Then X has stationary rectangular increments: for all to € R?,

t,uE]RQ,

fdd
{Ai?Ai?X(tO)}t w2 {APAD X (0 )}temi.

If g1 = g2 =0, then X also has stationary ordinary increments.
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Let 0 < a < 2 be the same. Assume

(G)

0
a

The functions g(u) and go(u) = p(u)*f(u), where

1 1
p(u) = |ur|™ + ua|®2, £(uw) = LA uy, A3z ug) for all A > 0, u € R},
for the parameters y € R, q1,¢2 > 0 with Q = % + L satisfying

q2
f%Q<X<<17%>Q7 X #0, (3)

have continuous partial derivatives up to the 2nd order at all u € R2.
Moreover, as u — O,

9(w) = go(w) + o(p(w)¥),
Bu,9(w) = B, go(w) + o(p(w)* @), i = 1,2,
aul auzg(u) = aul aﬂz go (u) + 0(p(u)X7Q)
and for all u € RZ,

lgo(w)| < Cp(w)*,

‘8ui90(u)| < Cp(u)X_Ti’ 1=1,2,
|0 Oy go(w)| < Cp(u)*~ <.
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(G)% (cont)

If « > 1, then for all § > 0,

2

/ (Z |0, g(w)|™ + |3u13u29(u)\°‘)du < oo 4)

lwl>6 ;=1

If @ < 1, then there exist §op > 0 and functions g;(u), gi2(u), u € R%,
monotone decreasing in each u;, j = 1,2, and satisfying

|0u;g(w)] < gi(lual, |uzl), 10w, Ouzg(w)] < gra(lual, uzl),  [ul > o,

so that (4) holds with 9y,9, Ou, Ou, g replaced by gi, gi2, i = 1,2.
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Example 112
A moving average fractional a-stable RF for H € (0,1), 0 < « < 2, is

X<t>:/ [t —ul?3 — Jul" 31 Wa(du), tcR®
]R2

If « = 2 then it is called a fractional Brownian RF and

1
EX(t)X(s) = E[X (e) "5 (11" + IsI*" — [t — s[*"), t.s € R,

where E| X (e1)]? < oo.

12Takenaka, S. (1991). Integral-geometric construction of self-similar stable processes. Nagoya Math. J. 123,
1-12.
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Example 2

Isotropic fractional Laplace or Matérn RF

Example 313

Anisotropic fractional heat operator RF
(with go(u) = (lu| + uzl*)*l(u), w € RE, —§ <x < §, x #0)

13Ke|bert, M.Ya., Leonenko, N.N., Ruiz-Medina, M.D. (2005). Fractional random fields associated with
stochastic fractional heat equations. Adv. Appl. Probab. 37, 108-133.
11/13



3. Main results: ~v-rectangent limits

pri:qi(Qfx)>0,i:1,2,withP— +*then1+—a<P<a P#£1
<= (3) in (G)2.

Summary
Assume X satisfies (M)q, (G)a, (G)%, P # o — o i=1,2,0<a<2 Then
> Ry, v >0, exist, undergo a transition at o := £ = -, and, are

> «a-stable RFs with stationary rectangular increments,

> operator scaling RFs* with H., > 0 such that Cy , = A7 in (2):

{Ry (M1, N 8) by YN R (8)) for all A > 0,

» multi self-similar RFs'®> with index H, where one of H; >0, i = 1,2,
equals to either 1 or 0, if v # 7o:

fdd

{Ry(Mit1, Aata) byepz = (A A Ry (8)hyesz for all v, Az > 0.

14Biermé, H., Meerschaert, M.M, Scheffler, H.-P. (2007). Operator scaling stable random fields. Stochastic
Process. Appl. 117, 312-332.

15Genton, M.G., Perrin, O., Taqqu, M.S. (2007). Self-similarity and Lamperti transformation for random fields.
Stoch. Models 23, 397-411.
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4. Extensions

(i) What are 7-rectangent RFs of X with ‘smooth’ g at 07
(i) When do 7-rectangent RFs of X agree with a-stable Lévy sheet?
(iii) What are ~-tangent RFs of X7

. . . fdd
(iv) Functional convergence instead of —.
(v) Extension to Lévy driven fractional RFs on R%, d > 3.

(vi) Application to statistical estimation of Hy, H> using for some v, 7

7
> ’A1>A(2>X( nj)|.

(4,22 9¢[0,1)2

n o nY

Thank you for your attention
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Example 2

For t € R?, let
X(t) = {Y(t), x <0,
Y()-Y(0), x>0,
where
Y(t) = cxr / It — ul* Ky (c|t — ul)M(du),

K, denotes a modified Bessel function of the 2nd kind of order x and
—L <x<1-2,x#0,¢>0. Then (G)? holds with go(u) = |u|>X, u € R3.

> |If « = 2, then Y has Matérn covariance

2 (clt) "X Kooy (c]t])
T(1 + 2y)22x

EY (0)Y (t) = E|Y (0)] , teR?

where E|Y (0)|*> < co. Moreover, Y is a stationary solution of
(® = A)'TXY (#) = M(t), teR?

with A := 8,521 + 6?2 and Lévy white noise M%7,

16Whitt|e, P. (1963). Stochastic processes in several dimensions. Bull. Int. Statist. Inst. 40, 974-997.
17Bo|in, D. (2014). Spatial Matérn fields driven by non-Gaussian noise. Scand. J. Statist. 41, 557-579.



Example 3!8
A stationary solution of

(1 + A1) T3 X(8) = M(t), teR?

with Aq2 := 0y, — c%@é and Gaussian white noise M is given by
X(t) = / g(t —u)M(du), tcR>
R2

where g(u) = e=1" go(u) with go(u) = p(u)*£(u) and
(ag)¥e 3

23 (2m) el (x + 2)

1 (p(u) —1)

uq

I(u; >0), ue€R?

p(u) = us| + [uaf?,  f(u) =

satisfies (G)o for c1,c2 >0, =3 < x < 2, x #0.

18Ke|bert, M.Ya., Leonenko, N.N., Ruiz-Medina, M.D. (2005). Fractional random fields associated with
stochastic fractional heat equations. Adv. Appl. Probab. 37, 108-133.



Proposition
Assume (M)a, 0 < @ <2, and fy € L*(R?), XA > 0. If for some y > 0, the

functions 5 .
Falw) = AU 1 g, Mug),  uw e R,

tend to the limit fo in L*(R?) as A | 0, then

/ Fr(u)M(du) S / fo(uw)Wa(du) as X1 o0.
R2 R2



1/p2

« 1/

Parameter region  Multi self-similarity index H of R,

Y<% Y>"7

Ry (1,Hy) (H.,1)
Ris (H1,0) (Hp,1)
Ray (1,Hz) (0, Hs)
Ras (H1,0) (0, Hs)




Definition
A standard fractional Brownian sheet {Bq.L(t)}te]Rz+ with
H = (H1,H2) € [0,1]? is a Gaussian random field that has mean zero and

2
EBw(t)Bu(s) = [ [ Cn.(tirs1), t.s € RY,

i=1
where for all t,s € Ry,

1
Cults) = S (7 + 577 — |t — ") if H € (0,1],

Colt,s) = lim Cu(t.5) = 1 - %I(t £ 5).

> Extension to Hi A Ha = 0.

» By, = {Bn(t,1)}ier, is a standard fractional Brownian motion with
Hurst parameter H1 € [0, 1].

> B, ™ {2_%(W(t) — W(0))}ter, , where W(t), t > 0, are independent
N(0, 1)-distributed random variables.

195urgai|is, D. (2020). Stochastic Process. Appl. 130, 7518-7546.



(i) What are «-rectangent RFs of X with ‘smooth’ g at 07

Proposition
Let 0 < a < 2. Assume X satisfies (M), with (i), (ii) replaced by

(i) 0=0,sup,~oy " v{ueR: |ul >y}) <ooif a <2,
(ii") o >0, f]R yr(dy) < 0o if a =2,
and (G), and

lim / |(tt2) T ALY AD g(w) — Ouy Ourg(u)| du = 0. (5)
t1Vtal0 R2
Then at any to € R?, forany v >0, as A | 0,

{A_l_WAf\ltlAf\%r)th(tO)}thi = {tth/ 3u1(9u2g(u)M(du)}
R2

5
te]R+

> We can replace (5) by (G)2 with P > a.



(i) When ~-rectangent RFs of X agree with symmetric a-stable Lévy sheet?

Proposition
Let 0 < a < 2. Assume X satisfies (M)a, (G)a and
4
g[0] = Z lim  g(u)sign(uiuz) # 0,

u—0,ucqQ);

=1
where Q); is the i-th quadrant, i = 1,2, 3,4. Moreover,

/ |A AR g(—u) — g[0]I(u € [0,4])|"du = o(tst2), t1 V2 L 0.

Then for any v >0, as A | 0,

1 fdd
PSR NCINCEP' (O)}teRi%{g[O]Wa([O,t])}teRi.

> For example, g(u) =), ._ . gijI(u € R}), u € R®.



(iii) What are y-tangent RFs of X7

Theorem
Assume X satisfies (M)a, (G)a with g; =0,i=1,2,0 < a < 2. Let

9(u) = go(u)(1 +o(1)), u—0,

where
go(u) = p(u)*£(u) with p(u) = [ur|"" + uz|*

a1 1
and £(u) = LA w1, A2 uz), A > 0, u € R, for the parameters y < 0 and
i >0,i=1,2, withQ = ﬁ + é satisfying

L 1, (6)

aVag o

1
- —Q<x<
e

Moreover, let g, go have partial derivatives on RE and |g(u)| + |go(u)| <
1
Cp(u)X, 0w, g(w)| + [0u;go(w)| < Cp(u)" %, i = 1,2, for all u € R,




Theorem (cnt)
Then at any to € R? for any v >0, as A | 0,

fdd

(AN OFTDD (X (49 4 Ay, 19 + ATt2) — X(z&‘},tS))}te]R2+ =T,
where
Ty, v >0,
Ty =4qTo, 7=,
T-, v <0,
with vo = L and

q2

/{got—u — go(—u) }Wa(du),

Ty (t) = To(t1,0), T-(t) =To(0,t2), te€R?.



