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The anisotropic fractional Brownian field.

¢ Non-stationary Gaussian random field Z,
with .
e Characterized by a semi-variogram of the form

vo(him,8) = 3E (( 7).

= 5 fee|1— e"<”vW>|2T(W)\W\*Zﬁ(w)*ddw.

e 7 and $ are two non-negative homogeneous functions,
called the the topothesy and Hurst functions.

r(w)=r (’Z) and B(w) = 3 (%) .

¢ |ssue : estimate these functional parameters of the field.

[A. Bonami & A. Estrade, J Fourier Anal Appl, 2003] ot menars, v, 022
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A model for image micro-textures.

Feld simulation,

Field simulation. Fild simulation. Field simulation.

Y <0 4
ors 20 075
g 0 2 p 1
- s - 20 S

o

3 4 10 15
0zs1 v - oz : . azs1 10 021 -

. os

3 20

w0

oo o0 oo o0 -

10 Son  om1 o5 oo 10 10

Hurst function Hurst function Hurstfunction Hurst function
os
0z o8
0
o2 0z e
o1 I
o o4
o0 o
o -
o0s o1 s
N S S S S 3 2 a3 % 1 @ 3 T S R 3 2 a3 o 1 1 3
Topothesy function Topothesy function - Topothesy. Topothesy function
173 a ar
03 25
o 0
o as as 20
0 a8 1
o
o0 0z 02
o ar os
) T e T e S L

(Aix Marseille
Frédéric Richard, AMU, 2022\~ U/1VETSTT

3/16



Context and Goal Previous works Method Results Conclusion
00e00 e} 0000 000 o]

Texture classification.

Microscopic images of photographic films (source : Paul Messier, MoMA, NY).

WATTE]

16y @

& + samesteet (1-10) Glessy
| same sheet (11-20), Gossy.

015 + #\ Q) samesheet (21-30), Mate

Glossy

Anisotropy index
T
5
]

O samepackage (3140) SemiGlossy
b O same package (41:50) SemiClossy
O sare paskage (51-60) SemiGlossy
ot / X sare marufaclure (61-70), Gicssy
+ same marufacure (71:8)) Glessy
/ + samemarufaclure (81:99) Glessy
005 . . . . I I I I )
0 01 2 03 04 05 06 07 08 09 1
Hurstindex

Hurstindex : H = arg ming{3(s), 7(s) > 0}.

Asymptotic topothesy : 7*(s) = 7(s) if 3(s) = H and 0 otherwise.

v/ 2 _
Anisotropy index : | = M,with T = [17(s)ds.

=
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[FR, Stat & Comput, 2018 ; Spatial Stat, 2017]. (
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Texture segmentation.

Mouse biphoton microscopy (source : F. Debarbieux, La Timone, Marseille) :

Localisation of neurons (anisotropic patterns) and inflammatory cells (isotropic patterns).
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Framework of anisotropic multifractional Brownian field :

(Extension of the mfbf of [Benassi, Jaffard, Roux, 1997 ; Peltier & Vehel, 1996])

200 = [ (%% =1) Vrdwllx| 4~ dW(w)

(Aix Marseille
Frédéric Richard, AMU, 2022

[FR, Stat Sinica, 2016; H. Vu and FR, Stoch Process Appl, 2020.]
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Texture simulation.

FMHHI !Hiﬂ‘

PyAFBF (https :/fjprichard.github.io/PyAFBF/), [FR, JOSS, 2022].

¢ A Python library for sampling image textures from the
anisotropic fractional Brownian field.

e Motivation : Infer models from examples to simulate
realistic textures. e
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Estimation of the Hurst function.

Let Z be an AFBF of hurst function 5.

¢ Window Radon transforms R(Z)(0) of Z parallel to a
direction 6 is a fractional Brownian motion of index
B(6+) + 3.

e Estimate 3(6*) by inferring the Hurst index of R(Z)(6).

* |n practice, discretization issues that restrict the estimation
to the horizontal and vertical directions.

e Inaccurate, especially for low values of the Hurst
parameters.

[H. Biermé, FR, ESAIM PS, 2008].

Frédéric Richard, AMU, 2022
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Estimation of the asymptotic topothesy.
Z' : field observed on a grid {(;, f,) e, l]]z}.

Increments V{ , = vs,, * Z' at scale s in direction .

Quadratic variations : W2, = - >°,,(V&,[m])?.

Breuer-Major Theorem — asymptotic anormality (as /
tends to +o0) :

log(Ws,,) = H log(s?) + log(vh,-+()) + €y,
where

() = 76 T Wi () = [ 10 (o) 52" dp.
An inverse problem : Minimize
. 2
J(r) = () =Ty @ ()" + Alrliy-

%}
where A > 0 and | - |y is a Sobolev norm.
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A turning-band approach.

e Semi-variogram of an AFBF (in polar coordinates) :

1 w/2
ot §) =5 [ o)1, w0 PO 00

with u(#) = (cos8,sin §) and a constant vy.

e Can be approximated by a semi-variogram of the form

v(x;7,B) = 22)\ 7(Om)| (X, u(Om)) 22O,

for some appropriate angles 6, in [- %, ] and positive weights Ap.

e Corresponds to the semi-variogram of a turning-band field

M
= Z \/mym(<x7 U(Gm»)?
=1

Y being a fractional Brownian field of Hurst index 3(6m). e B A 20
[H. Biermé, L. Moisan, FR, J Comput Graphic Stat, 2015].
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Inference setting.
= (Y[i]); : image at some grid points i € [1, ]2,
Z : AFBF with unknown semi-variogram v(-; 7, ),
W = (WIi]); centered Gaussian noise of variance .

Observation model :
Y[ =Z <;> Wil i e 1, 12
Theoretical semi-variogram of Y :

w(x;t,B) =10+ v(X;T,0)

Empirical semi-variogram of Y at some lags (xp) :

Wy = /\1/n Z(Y[/ + Xa] — Y[i])2.

Frédéric Richard, AMU, 2022(
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The inverse problem
* Minimize the Ieast-square criterion

EZ (Xn; 1, B8) — )2.

e Function representations :
J K
0)=> 7Ti(0) and B(0) =) BkBk(0)
j=1 k=1

e has a non-linear separable least square criterion

h 7 ZZFn(ﬁT_Wn)a

Fn being a vector-valued function with components
Fn(ﬁ)nl - V(Xn, 7}, /8) fOI’j # 0 and F(IB)nO - 1 Frédéncichard,AMLJ‘Qozz(AiX‘ME‘”SEi‘”E

11/16



Method
[e]e]e] ]

A variable projection method.
VARPRO [Golub and Peyrera, 2003] :
e Define
a(B) = h(r*(8), ),
where, for a fixed 5, 7*(5) € argmin; h(t, ).
e Minimize g instead of h (with a Gauss-Newton method).

Our implementation :

e Multi-grid approach : successive minimization in
embedded finite dimensional subspaces of piecewise
constant functions.

¢ Definition of a "non-redundant” set of lags (x,) to avoid
problem to be ill-posed.

¢ Levenberg-Marquardt to find minimizers of hw.r.t. 7 and g.
Isq_linear, least_square of package Optimize of Python library Scipy.

e Constraints to ensure that 8 € (0,1) and 7 > 0. rue s oz (1750
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Numerical study.

—»— Hurst: theoretical semi-variogram.
0.10 —e— Hurst: empirical semi-varicgram.
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Radial precision.

Radial precision : maximal size of the intervals on which 7
and (3 are piecewise constant.

e Error : mean absolute difference between the estimated
and true values of the constants of 3.

Number of experiments : 100.

Mean computational times (8 to 31 seconds).  res i s, 2022
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Estimating models from textures.

Mammogram
textures
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Sampling realistic textures.

ot

Real Synthetic 1 Synthetic 2
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contact : frederic.richard@univ-amu.fr,
https ://github.com/fjprichard
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